In this paper, we derive a discretized multi-group epidemic model with time delay by using a nonstandard finite difference (NSFD) scheme. A crucial observation regarding the advantage of the NSFD scheme is that the positivity and boundedness of solutions of the continuous model are preserved. Furthermore, we show that the discrete model has the same equilibria, and the conditions for their stability are identical in case of both the discrete and the corresponding continuous models. Specifically, if R 0 ≤ 1, then the disease-free equilibrium P 0 is globally asymptotically stable; if R 0 > 1, then the infection equilibrium P * is globally asymptotically stable. The results imply that the discretization scheme can efficiently preserve the global dynamics of the original continuous model.
Introduction
The main essential assumption in classical compartmental epidemic models is that individuals are homogeneously mixed, which implies that each individual has the same chance to get infected. However, the chance for each individual to get infected may differ from their diversities in disease transmission such as age, communities, education levels, geographic distributions, and so on. Thus, more realistic models should divide the host population into groups to consider the disease transmission in heterogeneous cases, which means that the host population should be classified into different groups and the vital epidemic parameters vary among different population groups. Therefore, multi-group models are more reasonable when constructing epidemic models. One of the earliest works of multi-group models is investigated by Lajmanovich 
Here S k , E k , I k and R k (k = , , . . . , m) denote the numbers of susceptible, exposed, infectious and recovered individuals at time t in the kth group, respectively. The parameters d
R k are the natural death rates of S k , E k , I k and R k compartments in the kth group, respectively. k represents influx of individuals into the kth group; δ k is the rate of becoming infectious after a latent period; γ k denotes per capita recovery rate in kth group. The nonnegative constant β kj is the transmission rate due to the contact of susceptible individuals in the kth group with infectious individuals in the jth group. τ j ≥  denotes the time delay. For more details on model (), one can refer to [] . The global stability of the equilibria of system () is investigated in [] by making use of the method of Lyapunov functionals [-]. For more information on multi-group models, one can refer to [-] and the references therein.
However, as an important part of epidemiology, the studies on discrete-time epidemic models have never been stopped up to now. Since the infection data of infectious diseases were often reported daily, monthly or yearly, discrete-time epidemic models represent a more realistic situation than continuous ones. Over the last century, much attention has been paid to discrete-time epidemic models, and many literature works on discrete-time epidemic models have been carried out to analyze the spread and control of infectious diseases [-]. One of the important ways to construct discrete models is to discretized the continuous models by numerical methods. But traditional schemes like forward Euler, Runge-Kutta and others sometimes fail and generate oscillations, bifurcations, chaos and false steady states [] . Recently, the nonstandard finite difference schemes have been developed by Mickens [] and received much attention (see [-] ). Different from the traditional schemes, Mickens's method can be more efficient in preserving the global asymptotic stability for equilibria of the corresponding continuous models (see [-] ). To our knowledge, there is no investigation for a discrete multi-group model with time delay. Hence, motivated by [, ], we construct a discrete multi-group epidemic model with time delay by utilizing Mickens's nonstandard finite difference methods to the continuous model ()
where h >  is the time step size and the other parameters are the same as in model ().
Assume that there exist m integers m j with τ j = m j h ( ≤ j ≤ m). The discrete initial conditions of system () are given as
The global asymptotic stability of the equilibria for the continuous model () can be obtained by constructing Lyapunov functionals [] . Thus, a natural question is whether the discrete model () can efficiently preserve the global asymptotic stability of the equilibria for the corresponding continuous model. In this paper, we will deal with this problem. The organization of the paper is as follows. We present some preliminaries including the positivity and boundedness of the solution of model () in Section . In Section , we establish the global stability of the equilibria of model () by constructing Lyapunov functions. A brief conclusion ends the paper.
Preliminaries
Rearranging the equations of () gives
It follows from () that all solutions of system () subject to initial condition () remain nonnegative for all n ∈ N.
. Thus, we can establish the following result.
Theorem . All solutions of system () subject to initial condition () remain nonnegative and bounded for all n ∈ N.
Notice that the last equation of system () is independent of the others. Therefore, it is sufficient to consider the following reduced system:
It is easy to see that system () always has a disease-free equilibrium
As in [] , the basic reproduction number R  is given as 
The existence and global asymptotic stability of the equilibria for the corresponding continuous model of () can be directly deduced from the obtained results in [] . Particularly, if R  >  and B = (β kj ) m×m is irreducible, then model () has at least one endemic equilibrium.
Global stability
In this section, we establish the global stability of the equilibria of system () by constructing Lyapunov functions.
Proof Since B = (β kj ) m×m is irreducible, we know that matrix M  is also irreducible and has a positive left eigenvector ω = (ω  , . . . , ω m ) corresponding to the spectral radius
Since,  + ln x ≤ x (x > ) and together with (), then we have
Then V n is a monotone decreasing sequence. Due to V n ≥ , there is a limit lim n→∞ V n ≥ , which implies that lim n→∞ (V n+ -V n ) = . Thus, we know
By the above discussion, it is concluded that if R  ≤ , the disease-free equilibrium P  is globally asymptotically stable. This completes the proof.
Theorem . Assume that B = (β kj ) m×m is irreducible. For any h > , if R  > , then there exists a unique endemic equilibrium P * which is globally asymptotically stable.
Proof In this part, we show that the endemic equilibrium P * is globally asymptotically stable when R  > . The method is based on the graph-theoretical approach and Lyapunov functions by Guo et 
al. [, ] and Li and Shuai [].
For convenience of notations, definē
which is a Laplacian matrix whose column sums are zero. It follows from the assumption B = (β kj ) m×m is irreducible that the matrix is also irreducible. By Lemma . in [], the solution space of the linear system v =  has dimension  with a base (v  , . . . , v m ) = (c  , . . . , c mm ), where c kk >  is the co-factor of the kth diagonal entry of . We construct the following Lyapunov function:
where ϕ(x) = x - -ln x ≥  defined for all x > . Together with system () and equilibrium condition () for P * , then we have
To proceed, we set Note that the arc (k, j) is a part of the unique cycle CQ of Q, and that the same unicyclic graph Q can be formed when each arc of CQ is added to a corresponding rooted tree T. Therefore, the double sum in G  can be reorganized as a sum over all unicyclic subgraphs Q containing vertices {, , . . . , m}. That is,
This implies that G n,Q =  for each Q, and G  ≡  for all I  n , I  n , . . . , I m n > . Notice that
≥ , the equality holds if and only if S k n = S * k , and ϕ(x) = x - -ln x has global minimum value ϕ() =  defined with all x > . Hence, we have L n+ -L n ≤ . Thus, L n is a monotone decreasing sequence. Due to L n ≥ , there is a limit lim n→∞ L n ≥ , which implies that lim n→∞ (L n+ -L n ) = . Furthermore, similar to [, ], we can show that the only compact invariant subset of {lim n→∞ (L n+ -L n ) = } is the singleton {P * }, which implies that the endemic equilibrium P * is globally asymptotically stable. This completes the proof.
Numerical simulations
In this section, some numerical simulations are carried out to demonstrate our theoretical results. To this end, we just need to simulate () for simplicity. We do simulations for k = , . We select τ  = , τ  =  in the following simulations. 
Conclusions
In this paper, a discrete multi-group epidemic model with time delay has been constructed by applying a nonstandard finite difference (NSFD) scheme to a class of continuous multigroup model. The advantage of the NSFD scheme is that the global properties of the solutions for the corresponding continuous model can be preserved. A crucial observation regarding the advantage of the NSFD scheme is that the discrete model has equilibria which are exactly the same as those of the original continuous model, and the conditions for their stability are identical in case of both the continuous and discrete models. It is shown that the global stability of the equilibria is completely determined by R  : if R  ≤ , then the disease-free equilibrium P  is globally asymptotically stable; if R  > , then the infection equilibrium P * is globally asymptotically stable. Our results show that the discretization scheme preserves the positivity and boundedness of the solutions and the global stability of the equilibria for the corresponding continuous model. Applying Mickens's NSFD scheme to other types of discrete epidemic models is our future work. For example, for a more reasonable model, a more general incidence rate ϕ(S)f (I) (see [] ) should be taken into consideration, which induces the following system by utilizing the NSFD scheme:
where the functions ϕ(S) and f (I) satisfy some certain conditions (see [] ). The investigation for model () with a more general incidence rate is much more difficult than this manuscript, and it is under consideration. Author details 1 School of Sciences, Xi'an University of Technology, Xi'an, 710048, P.R. China. 2 School of Mathematics and Statistics, Xi'an Jiaotong University, Xi'an, 710049, P.R. China.
